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introduction
A very important branch of functional analysis is operator theory. Of course, the study of all bounded operators is too much to be considered. Hence, one proceeds to study large and interesting families of bounded operators. One such family is given by the Toeplitz operators acting on weighted Bergman spaces.
In the last decades there have been some advances in the understanding of Toeplitz operators that are invariant under groups of biholomorphisms. In particular, the existence was established of large families of symbols whose corresponding Toeplitz operators commute on every weighted Bergman spaces. This was achieved on the unit disk for one-parameter subgroups (see [6] ), on the unit ball B n for maximal Abelian subgroups of SU(n, 1) (see [16, 17] ) and finally on every bounded symmetric domain for symmetric subgroups (see [3] ). The passage from the unit disk to the unit ball was naturally given since the one-parameter subgroups for the former are in fact maximal belian subgroups. However, the maximal Abelian subgroups on the unit ball are not symmetric subgroups.
On the other hand, the methods employed to prove the commutativity of the C * -algebras generated by Toeplitz operators in the case of the unit ball and for general symmetric domains with symmetric groups were perceived as being quite different. In the former case, a number of unitary transformations were applied that lead to the explicit simultaneous diagonalization of the corresponding Toeplitz operators. In the former case, we used multiplicity-free results that ensure the commutativity of suitable intertwining operators. Nevertheless, they have a common tool: Bargmann-type transforms. In the unit ball case, the unitary transformations that were applied have this sort of expression. Also, for any bounded symmetric domain with symmetric subgroup, the totally real case (that is, the case in which the orbits of the symmetric subgroup are totally-real submanifolds of the bounded symmetric domain) is solved using explicit Bargmann transforms and the restriction principle.
This suggests that it should be possible to provide a proof of the results for the unit ball using the restriction principle. In particular, it suggests the development of a restriction principle for maximal Abelian subgroups of SU(n, 1). Such is the main goal of this paper. This goal has a three-fold motivation: first, to provide a representation-theoretic proof of the existence of C * -algebras generated by Toeplitz operators invariant with respect to maximal Abelian subgroups of SU(n, 1); second, to develop the restriction principle for such maximal Abelian subgroups; and finally, to prove multiplicity-one results for the restriction of the holomorphic discrete series to all maximal abelian subgroups. The latter follows from the fact that the nonsingular orbits are totally real submanifolds. It is also a consequence of [8, Thm. 33] and [9, Thm. 2] , as was pointed out to us by T. Kobayashi.
A topic that we do not discuss in this article is the restriction principle and corresponding theory for Toeplitz operators for symmetric subgroups on SU(n, 1). It was shown in [3] based on the multiplicity-one results of [12] and [10] that if H is a symmetric subgroup of SU(n, 1), then the C * -algebra generated by H-invariant symbols is Abelian. The reference [12] established the restriction principle and associated Segal-Bargman transform for the case where the H-orbit is totally real. Nevertheless, it can be shown that the restriction is also injective in the case where the H-orbit is complex, leading to a Segal-Bargman transform for this case.
Our present work leads to the following problems that we hope to address in future work, see [4] .
(1) Determine all subgroups H ⊂ G such that π λ | H is multiplicity free. (2) Describe the Segal-Bargman transform for the ball, and other bounded domains, explicitly in terms of a convolution operator. Use this to determine the spectrum of invariant Toeplitz operators. (3) Develop the theory of the Segal-Bargman transform for complex symmetric orbits in the unit ball and more generally other bounded domains.
2. The group SU(n, 1) and the Bergman space
In this section we collect basic facts about the action of the group G = SU(n, 1) on the unit ball B n = {z ∈ C n | |z| < 1}. Then we review the action of G and its universal covering group G on the Bergman spaces H 2 λ (B n ) of holomorphic functions on B n .
We write a matrix A in M n+1 (C) in block form as
where a ∈ M n (C), v, w ∈ C n and d ∈ C. Then, A is in G if and only if det A = 1 and AJ n,1 A * = J n,1 . A simple calculation gives
This relation gives in particular v = −d −1 aw. The group SU(n, 1) has some important subgroups which we will discuss later. Here we will only define the maximal compact subgroup K corresponding to the Cartan involution θ of G given by θ(A) = (A * ) −1 . We also denote as usual U(1) ≃ T, the one-dimensional torus. Then
is a maximal compact subgroup of G.
The Lie algebra g = su(n, 1) is given by
The involution θ defines on g the involution X → −X * , which is also denoted by θ, and we have the decomposition into ±1 eigenspaces g = k ⊕ s, where
The group G acts transitively on B n via the fractional linear transformations
We note that this formula makes sense for any element of GL(n + 1, C) and we will use that without comments in the sequel. The stabilizer of the origin 0 ∈ C n is exactly the group K. Thus we have an equivalence given by
which is induced by the orbit map of 0.
2.2. The Cayley Transform. In the following we will be considering some submanifolds of B n given as orbits of certain subgroups of G. Some of the calculations involved will be simpler in an unbounded realization of B n . As an example consider the group SU(1, 1) acting on the unit disc B 1 = {z ∈ C | |z| < 1} and the conjugated action of SL(2, R) on the upper half-plane
For that we let
for which we have
The compact subgroup
acts on the disc linearly by rotations z → e 2iθ z. On the other hand, in the unbounded realization the corresponding subgroup
and the orbits are semi-circles meeting the boundary {z | Im(z) = 0} ≃ R orthogonally. On the other hand the non-compact subgroup
acts linearly on the upper half-plane by z → e 2t z. In the bounded pictures the corresponding subgroup is
Finally, in the unbounded realization the unipotent subgroup
acts by translation z → z + x so the orbits are straight lines parallel to R whereas in the bounded picture we have
Here the orbits are the horocycles, cycles meeting the boundary tangentially. For the case of arbitrary dimension n ∈ N, we define the unbounded domain
and we let
which defines a biholomorphism B n → D n given by
If we consider the subgroup G C = CSU(n, 1)C −1 , then G C realizes the group of biholomorphisms of D n .
The Bergman spaces on B
n . We now discuss the Bergman spaces H 2 λ (B n ) on the unit ball B n and the corresponding holomorphic discrete series representation π λ which acts irreducibly on H 2 λ (B n ). The unit ball B n can be identified with the unit ball in R 2n and thus can be equipped with the measure dv = 2nr 2n−1 dr dσ n where dσ n is the rotation invariant measure on the sphere S 2n−1 in R 2n normalized by σ n (S 2n−1 ) = 1. Then dv is a rotation invariant probability measure on B n . For λ > n we define the probability measure
where
n!Γ(λ−n) is chosen so that µ λ is a probability measure. We obtain the corresponding Hilbert space L 2 λ (B n , µ λ ) whose norm and inner product will be denoted by using λ as a subscript.
Then, the weighted Bergman space H 2 λ (B n ) with weight λ is the (closed) subspace of holomorphic functions that belong to L 2 λ (B n , µ λ ). We note that there are at least two standard ways to parameterize the Bergman spaces. In complex analysis it is customary to use α = λ − n − 1 > −1 with A α (B n ) denoting the corresponding Bergman space. Here we use the parametrization from representation theory as this will better fit into our discussion. In particular, in our notation the "weightless" Lebesgue measure corresponds to λ = n + 1 and the invariant measure corresponds to λ = 0.
A simple application of the Cauchy integral theorem implies that for each com-
for all z ∈ L. Thus, the point evaluation maps f → ev z (f ) = f (z) are continuous functionals and in H 2 λ (B n ) convergence in L 2 implies uniform convergence on compact subsets. This is the reason for
We also conclude that for every w ∈ B n there exists
Clearly, K λ is holomorphic in the first variable, anti-holomorphic in the second variable and satisfies K λ (z, w) = K λ (w, z) and K λ (z, z) > 0. In fact, one can show that K λ is positive-definite. Furthermore, it is well known that
, also known as the Bergman projection, is given by
We now consider the map j λ :
We note that the right hand side is in fact defined on G × B n only when λ ∈ N. Otherwise, we lift the map to the universal covering G×B n . If λ is rational, then j λ is well defined on a finite covering of G. Recall that G acts on B n by g · z = p(g) · z where p : G → G is the covering map. The function j λ satisfies the cocycle relation
For this setup, the action of G on B n yields an irreducible unitary projective
2.4. The restriction principle. In this section we recall some facts about the restriction principle specialised to B n . We refer to [11, 12] for the original treatment. We recall that a submanifold M ⊂ B n is said to be totally real if the inclusion M ֒→ B n can be locally modelled by the natural inclusion R n ֒→ C n . For us it is important that the restriction map f → f | M is injective, where f : B n → C is holomorphic. If this condition holds, we say that M is restriction injective. We will assume this for the rest of this subsection and call M restriction injective.
Let H be a closed subgroup of G and denote by H the inverse image in G. We assume that the orbit M = H · z 0 = H · z 0 ⊂ B n is restriction injective. Note that we can identify M ∼ = H/ H z0 ∼ = H/H z0 , where the subindex z 0 denotes the corresponding isotropy subgroup which is clearly a compact subgroup in the case of H. Thus there exists a measure dµ on M which is invariant under both H and H.
Similarly, we see that
We now consider the induced representation ρ λ := indH Hz 0 χ λ . The Hilbert space
for all h ∈ H, h 1 ∈ H z0 , as well as
where we have used that |f | is right H z0 -invariant and, by abuse of notation, we have identified |f | with a function on M . We will use similar abuse of notation for the inner product
On the other hand, the space of continuous functions satisfying the right covariance (2.3) will be denoted by
We recall that instead of lifting the representation π λ to G one can view it as a projective representation of G. This can be applied similarly to the representation ρ λ . To see this, we define a projective representation
where h ∈ H and f ∈ L 2 (M, µ). Hence, if we define
Thus ρ λ is equivalent to the projective representation ρ λ .
Let us now define 
Finally, as the point evaluations maps are continuous, it follows that R is closed. Denote the closure of R(H
is well defined and we have
for all f ∈ B λ and z ∈ B n . Let us define
where h, k ∈ H and note that for h 1 , k 1 ∈ H z0 we have
In particular, for every f ∈ B λ the assignment k → f (k)R λ (h, k) (h, k ∈ H) defines a function on M and we can verify that the following holds.
Denote by √ RR * the square root of the positive operator RR * . Then there exists a unitary isomorphism U λ :
The map U λ is called the Segal-Bargmann transform. As in [11, 12] we now have the following result.
Theorem 2.3 (The Segal-Bargman transform). The Segal-Bargmann transform
U λ : (B λ , ρ λ ) → (H 2 λ (B n ), π λ | H ) is a unitary H-isomorphism.
Toeplitz operators
In this section we recall basic facts about Toeplitz operators on the unit ball. For further details we refer to [16, 17] .
Of course, M ϕ will typically not define an operator from
with symbol ϕ corresponding to the weight λ > n to be the bounded operator
To simplify our notation we mostly write
ϕ . The operator T ϕ is bounded and T ϕ ≤ ϕ ∞ . In particular, the assignment ϕ → T ϕ defines a bounded operator. Furthermore, it is well known that this assignment is injective.
Note that
In particular, all Toeplitz operators with holomorphic symbols commute with each other, but those operators do not define a commutative C * -algebra because T * ϕ = T ϕ . In general, Toeplitz operators do not commute. In fact, the family of all Toeplitz operators on H 2 λ (B n ) with symbols in L ∞ (B n ) can be shown to be dense in the weak operator topology in the space of all bounded operators on
3.2. Commutative families of Toeplitz operators and representation theory. In this section we briefly review some of the results in [3] which connect commutativity of Toeplitz operators with representation theory, in particular restriction of the discrete series representation π λ to subgroups of G or G.
is an intertwining operator for π λ | H . If H ⊂ G is a reasonably well behaved (e.g. a type I subgroup), then the representation π λ | H can be decomposed into irreducible representations
where H is the set of equivalence classes of irreducible unitary representations of H and m λ : H → N ∪ {∞} is a multiplicity function. We say that the representation π λ | H is multiplicity free if π λ (ρ) ∈ {0, 1} for all ρ ∈ H. For type I groups this is equivalent to the algebra of intertwining operators for π λ | H being commutative. In
where η T : H → C. Furthermore, every operator of the form (3.1) defines a Hintertwining operator. The set (η T (ρ)) ρ is the spectrum of T . According to [ (1) If for some λ > n the algebra of bounded H-intertwining operators for
In particular, the result holds if H is a type I group, in the sense of von Neumann algebras, and the restriction π λ | H is multiplicity-free. 
and the expression
gives the diagonalization of the Toeplitz operator T ϕ and the set (η ϕ,λ (ρ)) ρ is the spectrum of T (λ) ϕ .
4.
Restriction of the discrete series to maximal Abelian subgroups of SU(n, 1)
In this section we apply the restriction principle to the maximal Abelian subgroups of SU(n, 1). It is not difficult to check the real dimension of the nondegenerate orbits of maximal Abelian subgroups of SU(n, 1) is the same as the complex dimension of the domain B n . In fact, one can show (see, for instance, [17] ) that these nondegenerate orbits are all Lagrangian submanifolds and therefore restriction injective. Thus, the abstract theory of the restriction principle discussed in Subsection 2.4 can be applied as long as one can show, for all λ > n, that the function D λ belongs to L 2 χ λ (H · z 0 ) for some nondegenerate orbit H · z 0 of a maximal Abelian subgroup H ≤ SU(n, 1).
Let B λ be the image of the restriction operator R (defined as in Subsection 2.4).
Also, we let H be the subgroup of SU(n, 1) which covers H. Of course, H·z 0 = H·z 0 .
Since H is an Abelian group, its regular representation is multiplicity-free, as is any representation induced from a character of a subgroup of H. In fact, in this section, for each conjugacy class of maximal Abelian subgroup H of SU(n, 1) and basepoint z 0 of a nondegenerate orbit H · z 0 , we will write RR * as a densely-defined convolution operator on L
In fact, we will identify the function φ H and explicitly calculate its H/H z0 -Fourier transform φ H . Since φ H ∈ L 1 (H/H z0 ), it will follow in each case that the operator RR * is bounded, and hence that R and R * are bounded as well. It will follow that the closure of the range of RR * (and thus the closure of the range of √ RR * ) will be:
where F H/Hz 0 = · represents the Fourier transform for the Abelian group H/H z0 . Furthermore, the operator √ RR * can then be written as:
, where ω H is defined by ω H (α) = φ H (α) for all α ∈ H. Note that ω H is guaranteed to exist at least as a tempered distribution on H/H z0 by the boundedness of φ H .
We will mostly follow the notation in [17] in the rest of this section. Also, we will define the Fourier transform on the torus T by
for all f ∈ L 1 (T) and n ∈ Z, where we have normalized the Haar measure on T to have weight one. The Fourier transform on R will be given by the integral
where f ∈ L 1 (R) and ξ ∈ R.
4.1. Quasi-Elliptic. The Quasi-Elliptic Abelian subgroup corresponds the maximal compact torus in G:
The subgroup of the simply-connected group SU(n, 1) which corresponds to E(n) will be denoted by E(n), which we will identify with the group
with the product (t, x) · (s, y) = (ts, x + y)
for all (t, x), (s, y) ∈ E(n), where t, s ∈ T n and x, y ∈ R. The projection map is given by:
, . . . ,
∈ B n and note that
Hence, the action on the z 0 -orbit is locally free with stabilizers at z 0 given by
Finally, we make the identification
where the projection map is given by:
We can now explicitly write the restriction operator R for the orbit E(n) · z 0 . In fact, for each q = (t, x) ∈ E(n), we have that
Furthermore, |D λ (q)| 2 = 1 for all q ∈ E(n). It follows that D λ ∈ L 2 χ λ (E(n) · z 0 ) for all λ ∈ R and, in particular, for λ > n. Thus, the restriction operator is given by
for all (t, x) ∈ E(n) and f ∈ H 2 λ (B n ).
Furthermore, if (t, x) and (s, y) are elements of E(n), then
, where
for any (t, x) ∈ E(n). By Lemma 2.2, we have that
where φ E(n) ∈ L ∞ (E(n)) is defined by:
, it follows that φ E(n) is a bounded function on E(n) = Z n−1 and thus that and thus that RR * is a bounded operator.
By the generalized binomial theorem and the multinomial theorem, we have that
where the generalized binomial coefficient is defined by
Thus one sees that φ E(n) (k 1 , . . . , k n ) = 0 if and only if k i ≥ 0 for 1 ≤ i ≤ n. In fact,
where α = (α 1 , . . . , α n ) ∈ Z n−1 . An alternative approach has been presented in [13] .
Quasi-Parabolic.
For the other maximal Abelian subgroups, we describe them first by their action on D n and as subgroups of CSU(n, 1)C −1 before moving back to the B n picture. The quasi-parabolic subgroup is isomorphic to T n−1 × R and acts on D n by:
where (z ′ , z n ) ∈ D n with z ′ ∈ C n−1 and z n ∈ C, and where t ∈ T n−1 and y ∈ R. As a subgroup of CSU(n, 1)C −1 , we may write it as:
. . .
As a subgroup of SU(n, 1), we obtain:
The action of P (n) on the unit ball B n is given by
In particular, p t,y,a · (z ′ , 0) = 2 2 − iy tz ′ , iy 2 − iy When n = 1, the group P (1) is simply connected and P (1) z0 is trivial, so that
When n > 1, the subgroup of SU(n, 1) which corresponds to P (n) is the group P (n), which we will identify with the group
with the product
We also make the identification
The projection maps are then given by:
We will work out the details for the case of n > 1. We will leave the details of the case n = 1 to the reader, since one really only needs to remove all references to the parameter "x".
, 0 ∈ B n . Then for each q = (t, y, x) ∈ P (n), we have that
Furthermore,
(P (n)·z 0 ) for all λ > 1/2, and, in particular, for λ > n ≥ 1. Furthermore, one sees that, if h = (t, y, x) and k = (t ′ , y ′ , x ′ ), then
for any (t, y, x) ∈ P (n). By Lemma 2.2, we can write the operator RR * as:
where φ P (n) ∈ L ∞ (P (n)) is defined by:
and hence that
from which it follows that φ P (n) ∈ L 1 (P (n)) for all λ > 1 and, in particular, for all λ > n ≥ 1. Thus RR * is a bounded operator. After taking the Fourier transform in the y variable, one obtains (using standard Fourier transform tables, see for instance [1] ) that F (φ P (n) )(t, ξ) = 0 if ξ < 0, while for ξ > 0 one has:
It follows that the full Fourier transform of φ P (n) (that is, the Fourier transform of φ P (n) as a function on T n−1 × R) is:
where ξ ∈ R and α = (α 1 , . . . , α n ) ∈ Z n−1 .
4.3.
Quasi-Hyperbolic. The quasi-hyperbolic Abelian subgroup is isomorphic to T n−1 × R + and acts on D n by:
where (z ′ , z) ∈ D n with z ′ ∈ C n−1 and z ∈ C, and where t ∈ T n−1 and r ∈ R + . As a subgroup of CSU(n, 1)C −1 , we may write it as:
After the substitution s = log r, we can write:
We see that the action of H(n) on the unit disk B n is given by
In particular,
for all (z ′ , 0) ∈ B n , where z ′ ∈ C n−1 . When n = 1, the group H(1) is simply connected and H(1) z0 is trivial, so that
When n > 1, the subgroup of SU(n, 1) which corresponds to H(n) is the group H(n), which we will identify with the group
We also make the identification:
As in the Parabolic case, we will work out the details for the case of n > 1, leaving the details of the case n = 1 to the reader.
, 0 ∈ B n . Then for each q = (t, s.x) ∈ H(n), we have that
In particular, this holds for all λ > n ≥ 1.
Furthermore, one sees that, if h = (t, s, x) and k = (t ′ , s ′ , x ′ ), then
for any (t, s, x) ∈ H(n). By Lemma 2.2, we have that
and, in particular, for all λ > n ≥ 1. By once again using the generalized binomial theorem, we obtain
where in going from the first to the second line we use the following easily-verified identity:
By using a standard Fourier transform table for cosh −λ−k (see [1] , for instance), we obtain that
4.4. Nilpotent. The "nilpotent" Abelian subgroup is isomorphic to R n−1 × R and acts on D n by:
where (z ′ , z n ) ∈ D n with z ′ ∈ C n−1 and z n ∈ C, and where b ∈ R n−1 and s ∈ R. As a subgroup of CSU(n, 1)C −1 , we may write it as:
Note that it can be shown that each of the above matrices has determinant one. As a subgroup of SU(n, 1), we obtain:
Since this group is simply connected, it is isomorphic to its covering group N (n) sitting inside the simply-connected group SU (n, 1). Now fix z 0 = 0 ∈ B n . Then for each h s,b ∈ N (n), we have that the action on z 0 is given by
Note also that
Note that this function can be made to be well-defined on N (n) as long as a branch cut is made for the map x → x −λ on the right half-plane of C. Then 
By Lemma 2.2, we have that
In fact, we see that D λ = φ N (n) and thus the previous calculation for D λ shows that φ N (n) ∈ L 1 (N (n) · z 0 ) for all λ > (n + 1)/2 and hence for all λ > n ≥ 1. One can check that, taking the Fourier transform first in the "s" variable, one has:
Taking the Fourier transform in the "b" variable, we obtain:
2 /8y , y > 0 0, y < 0 4.5. Quasi-Nilpotent. The "quasi-nilpotent" Abelian subgroups are isomorphic to T k × R n−k−1 × R, where 1 ≤ k ≤ n − 2 (the case k = 0 reduces to the "nilpotent" case and k = n − 1 corresponds to the quasi-parabolic case) and act on D n by:
, and z n ∈ C, and where t ∈ T k , b ∈ R n−k−1 , and s ∈ R. As a subgroup of CSU(n, 1)C −1 , we may write it as:
Since this group is simply connected, it is isomorphic to its covering group N (k, n)
sitting inside the simply-connected group SU (n, 1).
, 0, . . . , 0 ∈ B n , where the first k terms are nonzero.
Then for each h s,b ∈ N (n), we have that the action on z 0 is given by
The subgroup of SU(n, 1) which corresponds to N (k, n) is the group N (k, n), which we will identify with the group
A comparison with the corresponding calculation in Section 4.
. In particular, this holds for all λ > n. Furthermore, one sees that, if
for any (t, s, b, x) ∈ P (n). By Lemma 2.2, we have that
As before, one can show that
. One can check that, taking the Fourier transform first in the "s" variable, one obtains F s (φ P (n) )(t, y, b) = 0 for y < 0, and for y > 0, one has: Taking the Fourier transform in the "b" and "t" variables, we obtain:
φ N (k,n) (α, y, ξ) = 2 λ−(n−k)/2 √ π Γ(λ)k |α| y λ+|α|−1−(n−k)/2 e −2y e −|ξ| 2 /8y
where α ∈ N k , y > 0, and ξ ∈ R n−1−k . If y ≤ 0 or else α ∈ Z k but α i < 0 for some 1 ≤ i ≤ k, then φ N (k,n) (α, y, ξ) = 0. In this section we apply the results of the previous section to calculate the spectrum of a Toeplitz operator T 
for all f ∈ L 2 χ λ (H · z 0 ), where ν a : H/H z0 → C is defined by:
To prove this result we will need the following lemma:
Lemma 5.2. For all g ∈ SU(n, 1) and z ∈ B n , π λ (g)K z = j λ (g −1 , z)K g −1 ·z .
Proof (of lemma).
Note that, for all f ∈ H 2 λ (B n ), one has that
The result then follows since this equality holds for all f ∈ H 2 λ (B n ).
Proof (of theorem). We see that RT
(λ)
a R * f (h · z 0 ) for all h ∈ H. Next, we note that
Meanwhile, we recall that
for all z ∈ B n , where we are implicitly using that k → f (k)D λ (k) factors to a welldefined function on H/H z0 . Combining these two identities, using that K z (w) = K w (z), and applying Fubini's theorem yields:
dk.
Next, we note that, for all k ∈ H, one has that:
where we use the H-invariance of a in the last line. Thus, by applying the unitary operator π λ (k) to both sides of the inner product, we see that
Combining this result with those of Section 4, we can now diagonalize the Toeplitz operators with H-invariant symbols as follows: Let a ∈ L 1 (B n ) H be an H-invariant symbol. Then
for all α ∈ A and ω ∈ L 2 ( H/H z0 ) such that supp ω ⊆ supp φ H
